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TWISTED HOMOLOGY OF CONFIGURATION SPACES,
HOMOLOGY OF SPACES OF EQUIVARIANT MAPS, AND
STABLE HOMOLOGY OF SPACES OF NON-RESULTANT
SYSTEMS OF REAL HOMOGENEOUS POLYNOMIALS
V.A. VASSILIEV
Abstract. A spectral sequence calculating the homology groups of some spaces
of maps equivariant under finite group actions is described. For the main example,
we calculate the rational homology groups of spaces of even and odd maps Sm →
SM , m < M , or, which is the same, the stable homology groups of spaces of
non-resultant homogeneous polynomial maps Rm+1 → RM+1 of growing degrees.
Also, we find the homology groups of spaces of (Z/rZ)-equivariant maps of odd-
dimensional spheres for any r. As a technical tool, we calculate the homology
groups of configuration spaces of projective and lens spaces with certain twisted
coefficients.
1. Main results
1.1. Homology of spaces of (Z/rZ)-equivariant maps of spheres. Denote by
EM0(S
m, SM) (respectively, EM1(S
m, SM)) the space of even (respectively, odd) con-
tinuous maps Sm → SM , that is, of maps sending opposite points to the same point
(respectively, to opposite points) in SM . (The space EM0(S
m, SM) can be identified
with the space of continuous maps RPm → SM). Also, denote by EM∗i (S
m, SM),
i ∈ {0, 1}, the pointed versions of these spaces, i.e. the spaces of even or odd maps
sending the fixed point of Sm into the fixed point of SM .
Theorem 1. For any natural m < M and i = 0 (respectively, i = 1), the Poincare´
series of the corresponding group H∗(EMi(S
m, SM),Q) is indicated in the intersec-
tion of the corresponding row and the third column of Table 1 (respectively, of Table
2). The Poincare´ series of the similar group H∗(EM∗i (S
m, SM),Q) is indicated in
the intersection of the corresponding row and the second column of the same table.
There are obvious fiber bundles
(1) EMi(S
m, SM)→ SM
sending any map to the image of the fixed point of Sm under this map; their fibers
are equal to EM∗i (S
m, SM). The rational cohomology spectral sequences of these
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Parities EM∗0(S
m, SM) EM0(S
m, SM) dM
m odd,
M odd
1
1−tM−m
1+tM
1−tM−m ∅
m even,
M even
1 1 + tM ∅
m even,
M odd
1 1 + tM ∅
m odd,
M even
1+tM−m
1−t2M−m−1 1 + t
M−m 1+tm
1−t2M−m−1 E
0,(s+1)(2M−m−1)
M → E
M,s(2M−m−1)+(M−m)
M , s ≥ 0
Table 1. Poincare´ series of spaces of even maps Sm → SM
Parities EM∗1(S
m, SM) EM1(S
m, SM) dM
m odd,
M odd
1
1−tM−m
1+tM
1−tM−m ∅
m even,
M even
1+tM−1
1−tM−m
1+t2M−1
1−tM−m E
0,s(M−m)+M−1
M → E
M,s(M−m)
M , s ≥ 0
m even,
M odd
1 1 + tM ∅
m odd,
M even
1+tM−1
1−t2M−m−1
1+t2M−1
1−t2M−m−1 E
0,s(2M−m−1)+M−1
M → E
M,s(2M−m−1)
M , s ≥ 0
Table 2. Poincare´ series of spaces of odd maps Sm → SM
fiber bundles are described in the last columns of Tables 1 and 2. Namely, it follows
from Theorem 1 that all the cohomology groups Hq(EM∗i (S
m, SM),Q) of their fibers
are at most one-dimensional. Therefore, to find the shape of all terms Er, r ≥ 1, of
such a spectral sequence, it is enough to indicate all the pairs of its groups E0,qM and
EM,q−M+1M , which are connected by a non-trivial action of the differential d
M . These
pairs are listed in the last columns of our tables.
In Table 3 we similarly describe the spectral sequences of the fiber bundles
(2) Map(Sm, SM)
ΩmSM
−→ SM
for the spaces of all continuous maps Sm → SM , m < M . The answers given in
the second column of this table (and probably also in entire this table) are not new
since [16] and related works. We give them here for the comparison with the data
of two previous tables; also, some homology calculations arising in this approach to
these answers may be of independent interest.
Any odd-dimensional sphere can be realized as the unit sphere in a complex vector
space, hence the group Z/rZ acts on it by multiplications by the powers of e2πi/r.
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Parities ΩmSM Map(Sm, SM) dM
m odd,
M odd
1
1−tM−m
1+tM
1−tM−m ∅
m even,
M even
1+t2M−m−1
1−tM−m t
M + 1+t
3M−m−1
1−tM−m E
0,(s−1)(M−m)+(2M−m−1)
M → E
M,s(M−m)
M , s ≥ 1
m even,
M odd
1 + tM−m (1 + tM)(1 + tM−m) ∅
m odd,
M even
1+tM−m
1−t2M−m−1 1 + t
M−m 1+tm
1−t2M−m−1 E
0,(s+1)(2M−m−1)
M → E
M,s(2M−m−1)+(M−m)
M , s ≥ 0
Table 3. Poincare´ series of spaces of general maps Sm → SM
Theorem 2. Let m < M be two odd numbers, and 0 < s ≤ r, then
1) the Poincare´ series of the rational cohomology group of the space of continuous
maps f : Sm → SM such that
(3) f(e2πi/rx) = e2πis/rf(x)
for any x ∈ Sm is equal to (1 + tM)/(1− tM−m);
2) the Poincare´ series of the corresponding space of equivariant maps sending the
fixed point to the fixed one is equal to 1/(1− tM−m).
The statements of Theorem 1 concerning the cases of odd m and M are special
cases of Theorem 2 corresponding to r = 2.
1.2. Application to the spaces of non-resultant maps. Denote by Pd,n the
space of homogeneous polynomials Rn → R of degree d. Its k-th Cartesian power
Pkd,n is the space of systems of k such polynomials. The resultant subvariety Σ ⊂ P
k
d,n
consists of all systems having non-trivial common roots in Rn.
The study of the topology of non-resultant spaces was essentially started in [5];
for some other related works see [17], [11], [12], [18]—[20]...
The embedding Pkd,n → P
k
d+2,n defined by the multiplication of all polynomials
by x21 + · · ·+ x
2
n induces a homomorphism
(4) H∗(Pkd+2,n \ Σ)→ H
∗(Pkd,n \ Σ) .
The structure of the stable rational cohomology groups of spaces Pkd,n \ Σ with
fixed k > n and growing d, that is, of the inverse limits of these groups with respect
to the maps (4), follows from Theorem 1 by means of a result of [12]. The answers
are different for the stabilizations over even and odd d, and are as follows. The
restrictions of the systems of the class Pkd,n to the unit sphere in R
n define the
(injective) maps
(5) Pkd,n \ Σ→ EMi(S
n−1, (Rk \ 0)) ∼ EMi(S
n−1, Sk−1),
i ≡ d(mod 2); here ∼ means the homotopy equivalence.
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Proposition 1 (see [12]). If k > n then the maps (5) induce isomorphisms of
cohomology groups in all dimensions strictly below (k − n)(d+ 1).
Remark. It follows easily from Weierstrass approximation theorem that for any
natural k and n, the inverse limit of groups H∗(Pkd,n \ Σ) over the maps (4) with
even or odd d is naturally isomorphic to H∗(EMi(S
n−1, Sk−1)), i ≡ d(mod 2), see
e.g. Proposition 1 in [20]. The previous proposition gives an explicit (and realistic)
estimate for the instant of stabilization in the case k > n.
Example 1. The space Pk1,3 \ Σ is homotopy equivalent to the Stiefel manifold
V3(R
k). For odd k > 3 the Poincare´ polynomial of its rational cohomology group is
equal to (1 + tk−3)(1 + t2k−3). All elements of this group are stable: the number 3
in the first bracket should be considered as n, and in the second one just as 3, see
the row {m even, M even} of Table 2 for m = 2, M = k − 1. In the case of even
k > 3 the Poincare´ polynomial of H∗(V3(R
k)) is equal to (1 + tk−1)(1 + t2k−5); only
the generator corresponding to tk−1 is stable, see the row {m even, M odd} of Table
2. The groups H∗(Pk2,3 \ Σ,Q) are calculated in [19]; all of them contain a stable
subgroup isomorphic to Q in dimension k − 1, see the rows {m even} of Table 1.
1.3. Notation. The calculations summarized in Theorems 1 and 2 will be per-
formed in the following terms.
Given a topological space X and local system L of groups on it, H¯∗(X,L) is the
(Borel–Moore) homology group of the complex of locally finite singular chains of X
with coefficients in L.
For any natural N , I(X,N) and B(X,N) denote respectively the ordered and
unordered N -point configuration spaces of X . In particular, I(X,N) is an open
subset in XN , and B(X,N) = I(X,N)/S(N).
±Z is the “sign” local system of groups on B(X,N) which is locally isomorphic to
Z, but the loops in B(X,N) act on its fibers as multiplication by ±1 depending on
the parity of the permutations of N points defined by these loops. Also, we denote
by ±Q the local system ±Z⊗Q.
If X is a connected manifold, then by Or we denote the local system on B(X,N)
which is locally equivalent to Z, and moves any element of the fiber to its opposite
after the transportation over a loop in B(X,N) if and only if the union of traces of
all N points during the movement along this loop defines an element of H1(X,Z2)
destroying the orientation of X .
Lemma 1. If X is a connected m-dimensional manifold, then the orientation sheaf
of the space B(X,N) is equal to (±Z)⊗m ⊗Or. 
Consider the unique non-trivial local system of groups with fiber Z on RPm : the
non-zero element of the group pi1(RP
m) acts on the fibers as multiplication by −1.
If m is odd then the homology group of RPm with coefficients in this system is finite
in all dimensions. Denote by Θ the local system on the space (RPm)N (i.e. on the
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Nth Cartesian power of RPm) which is the tensor product of N systems lifted by
the standard projections from these systems on the factors.
Denote by Θ˜ the local system on B(RPm, N) with fiber Z, which revolves over
a loop in B(RPm, N) if and only if the union of traces of all N points of the
configuration during the movement along this loop defines the non-zero element
of the group H1(RP
m,Z2).
Remark 1. Θ˜ = Or if m is even. The orientation sheaf of B(RPm, N) is equal to
Θ˜ if m is even, and to ±Z if m is odd. The restriction of the local system Θ to the
subspace I(RPm, N) ⊂ (RPm)N is isomorphic to the system lifted from Θ˜ by the
standard covering I(RPm, N)→ B(RPm, N).
Denote by Lmr the lens space S
m/(Z/rZ) (m odd). RPm⋆ (respectively, L
m
r,⋆) is the
space RPm (respectively, Lmr ) with one point removed.
1.4. The main spectral sequence. In this and the next subsections we describe
a spectral sequence calculating the cohomology groups of some spaces of equivariant
maps, including the ones considered in Theorems 1 and 2. All practical consequences
needed for the proof of these two theorems are collected in Corollary 1 on page 7.
Let X be a compact simplicial complex, and G be a finite group acting freely on
X . Let ρ : G → O(RW ) be a representation of G, and Λ a closed semi-algebraic
subset in the unit sphere SW−1 ⊂ RW , invariant under the corresponding action of
G on SW−1. Denote by CΛ the union of rays from the origin in RW penetrating the
sphere in the points of Λ.
Consider the space EMG(X,R
W ) of all continuous maps X → RW equivariant
under our actions of G, and define the discriminant subset Σ in it as the set of maps
whose images intersect CΛ. In particular, EMG(X,R
W )\Σ ≡ EMG(X, (R
W \CΛ)).
If the sum of dimensions of X and CΛ is at most W − 2, then the cohomology
group H˜∗(EMG(X, (R
W \ CΛ)) of the complement of this discriminant (reduced
modulo a point) can be calculated by a spectral sequence, all whose groups Ep,q1 are
finitely generated and can be explicitly expressed in the terms of our data. All these
non-trivial groups Ep,q1 lie in the wedge
(6) {(p, q)|p < 0, q + p(W − dimX − dimCΛ) ≥ 0}.
In particular, for any c there are only finitely many such non-trivial groups in the
line {p+ q = c}. Let us describe these groups.
For any natural N consider the space I˜(X,N) of ordered collections of N points
in X , all of which belong to different orbits of G, and the trivial fiber bundle over
this space with the fiber (CΛ)N . It is convenient to consider the fiber of this bundle
over the sequence (x1, . . . , xN ) ∈ X
N as the space of the ways to associate a point
λj ∈ CΛ with any point xj of this sequence. A semidirect product of the groups G
N
and S(N) acts on the base and the fibers of this fiber bundle: the element
(7) ((g1, . . . , gN);P )
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with gj ∈ G, P ∈ S(N), moves the points (x1, . . . , xN) and (λ1, . . . , λN) to the points(
g1(xP−1(1)), . . . , gN(xP−1(N))
)
and
(
ρ(g1)(λP−1(1)), . . . , ρ(gN)(λP−1(N))
)
respectively.
Therefore this group acts also on the space of this fiber bundle. Denote by ΠN,G(X)
the quotient space of the space of our fiber bundle by this action; it can be considered
as the space of a fiber bundle with the same fiber (CΛ)N over the space B(X/G,N).
Also, define the sign of the element (7) as the product of the determinants of all N
operators ρ(gj) ∈ O(R
W ) and the (W +1)th power of the sign of the permutation P .
The sign of a loop in B(X/G,N) is defined as follows: using the covering homotopy
property, we lift this loop to a path in the covering space I˜(X,N), and then take the
sign of the element (7) moving one of the endpoints of this path to the other one.
It is easy to see that this sign does not depend on the choice of the starting point of
the lifting. Define the local system of groups J on B(X/G,N), locally isomorphic
to Z but overturning after the transportation over the loops whose sign is equal to
−1 (and only over such loops). Denote by the same letter J the local system on the
space ΠN,G(X) of our fiber bundle, which is lifted from the system J on its base
B(X/G,N).
Theorem 3. If the sum of dimensions of spaces X and CΛ does not exceed W −
2, then there is a spectral sequence Ep,qr converging to the reduced homology group
H˜∗(EMG(X, (R
W \ CΛ))); all its groups Ep,q1 with p ≥ 0 are trivial, and
(8) Ep,q1 ≃ H¯−pW−q(Π−p,G(X),J )
for p < 0.
In particular, for any p < 0 the groups Ep,q1 with this p are trivial if q does not
belong to the segment [−p(W − dimX − dimCΛ),−pW ]. Indeed, only for such q
the lower index −pW − q in (8) belongs to the segment [0, dimΠ−p,G(X)].
Examples. 1. If the groupG is trivial, then this is the spectral sequence constructed
in §III.6 of [17] and conjecturally equipotential to the Anderson’s one [1].
2. If X = Sm, Λ = ∅ (so that CΛ is the origin in RM+1), and the group G = Z/2Z
acts by central symmetries in Sm and RM+1, then it is a spectral sequence for the
space of odd maps Sm → SM .
1.5. The relative version. Let in conditions of Theorem 3 additionally A be a
G-invariant subcomplex in X , and ϕ : A → RW \ CΛ be a fixed equivariant map:
ϕ(g(x)) = ρ(g)(ϕ(x)) for any x ∈ A and g ∈ G. Denote by EMG(X,A;R
W )
the space of all G-equivariant maps X → RW coinciding with ϕ on A. Denote
by ΠN,G(X,A) the part of ΠN,G(X) consisting of all fibers of our fiber bundle
ΠN,G(X)→ B(X/G,N) over the points of the subspace B((X\A)/G,N) ⊂ B(X/G,N).
Theorem 4. If the sum of dimensions of spaces X and CΛ does not exceed W −
2, then there is a spectral sequence Eˆp,qr converging to the reduced homology group
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H˜∗(EMG(X,A; (R
W \ CΛ)); all its groups Eˆp,q1 with p ≥ 0 are trivial, and
(9) Eˆp,q1 ≃ H¯−pW−q(Π−p,G(X,A),J ).
The construction of these spectral sequences (8), (9) almost repeats the scheme
of [17]; we remind it with appropriate modifications in §7.
Corollary 1. For any m < M , there are three spectral sequences {Ep,qr } calculat-
ing the integer cohomology groups of the spaces Map(Sm, SM), EM0(S
m, SM), and
EM1(S
m, SM), and three more spectral sequences {Eˆp,qr } for the cohomology of spaces
ΩmSM , EM∗0(S
m, SM), and EM∗1(S
m, SM); the supports of all six spectral sequences
lie in the wedge {(p, q) : p ≤ 0, q+p(M −m+1) ≥ 0}, the unique non-trivial groups
Ep,q1 and Eˆ
p,q
1 with p = 0 are E
0,0
1 ≃ Eˆ
0,0
1 ≃ Z; the group E
p,q
1 with p < 0 is equal to
H¯−p(M+1)−q
(
B(Sm,−p), (±Z)⊗M
)
for Map(Sm, SM) ,(10)
H¯−p(M+1)−q
(
B(RPm,−p), (±Z)⊗M
)
for EM0(S
m, SM),(11)
H¯−p(M+1)−q
(
B(RPm,−p), (±Z)⊗M ⊗ Θ˜⊗(M+1)
)
for EM1(S
m, SM) ;(12)
the analogous groups Eˆp,q1 with p < 0 are equal to
H¯−p(M+1)−q
(
B(Rm,−p), (±Z)⊗M
)
for ΩmSM ,(13)
H¯−p(M+1)−q
(
B(RPm⋆ ,−p), (±Z)
⊗M
)
for EM∗0(S
m, SM) ,(14)
H¯−p(M+1)−q
(
B(RPm⋆ ,−p), (±Z)
⊗M ⊗ Θ˜⊗(M+1)
)
for EM∗1(S
m, SM).(15)
For any odd numbers m < M , there is a spectral sequence {Ep,qr } (respectively,
{Eˆp,qr }) calculating the integer cohomology group of the space of maps considered in
the first (respectively, the second) statement of Theorem 2; their groups Ep,q1 and
Eˆp,q1 for any p < 0 are equal respectively to
(16) H¯−p(M+1)−q (B(L
m
r ,−p),±Z) and
(17) H¯−p(M+1)−q
(
B(Lmr,⋆ ,−p),±Z
)
.
The formulas (10–12) and (16) follow immediately from Theorem 3, and formulas
(13–15) and (17) from Theorem 4. In all these cases W = M + 1 and Λ = ∅ (so
that CΛ is the origin in RW ). In (11) and (14) X = RPm, in (16) and (17) X = Lmτ
where τ is the greatest common divisor of r and s, in all other cases X = Sm. 
1.6. Twisted homology of configuration spaces. To use these spectral se-
quences, we need numerous homology calculations for the configuration spaces, in
particular the following ones.
Theorem 5. Let m be odd, then
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A) The (Poincare´ dual to one another) groups H∗(B(RP
m, N), Θ˜ ⊗ ±Q) and
H¯∗(B(RP
m, N), Θ˜⊗Q) are trivial if N is odd, and have Poincare´ polynomials equal
respectively to t
N
2
(m−1)(1 + tm) and t
N
2
(m+1)(1 + t−m) if N is even.
B) The group Hj(B(RP
m
⋆ , N), Θ˜ ⊗ ±Q) with arbitrary N ≥ 1 is equal to Q if
j =
]
N
2
[
× (m− 1) and is trivial for all other j.
Theorem 6. If m and N are odd, then the group H∗(I(RP
m, N),Θ⊗Q) is trivial.
Denote by Φ(RPm, N) the fiber of the projection of I(RPm, N) to the first factor
RPm of (RPm)N . The group S(N − 1) of permutations of the last N − 1 points
of configurations acts on this space, and the quotient space of Φ(RPm, N) by this
action is equal to B(RPm⋆ , N − 1).
Theorem 7. If N is even and m is odd, then the Poincare´ polynomial of the group
H∗(Φ(RP
m, N),Θ⊗Q) is equal to
(18) (N − 1)!! t(m−1)N/2
N/2−1∏
r=1
(
1 + (2r − 1)tm−1
)
.
Theorem 8. For any r ≥ 1 and any odd m,
(a) H∗(B(Lmr , N),Q) ≃ H
∗(Sm,Q) for all N ≥ 1,
(b) the group Hj(B(Lmr , N),±Q) is isomorphic to Q if N is odd and j is equal to
either (m− 1)N−1
2
or (m − 1)N−1
2
+m, and is trivial for all other combinations of
N and j.
2. Proof of Theorem 8
Lemma 2. For any N ≥ 1, an arbitrary embedding Rm → Lmr,⋆ induces the isomor-
phisms
H∗(I(Lmr,⋆, N),Q) ≃ H
∗(I(Rm, N),Q);(19)
H∗(B(Lmr,⋆, N),Q) ≃ H
∗(B(Rm, N),Q);(20)
H∗(B(Lmr,⋆, N),±Q) ≃ H
∗(B(Rm, N),±Q).(21)
Proof. The isomorphism (19) follows by induction over the standard fiber bun-
dles I(X, l + 1) → I(X, l). Indeed, we have the natural isomorphisms H∗(Rm \
{l points},Q) ≃ H∗(Lmr,⋆ \ {l points},Q) for their fibers. These bundles are homo-
logically trivial under the action of pi1(I(X, l)) since the cohomology groups of fibers
are generated by the linking numbers with the removed ordered points. Therefore
we have also the natural isomorphisms of the spectral sequences of these fiber bun-
dles. These spectral sequences for I(Rm, N) stabilize at the term E1, so that the
Poincare´ polynomials of the groups (19) are equal to
(22)
N−1∏
a=1
(1 + atm−1) ,
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cf. [2], [6].
By Proposition 2 from Appendix to [15], any group considered in (20) or (21) is
equal to the quotient of the group considered in the same side of (19) through some
action of the permutation group S(N) on the singular chains of the spaces I(Lmr,⋆, N)
and I(Rm, N). In the case of coefficients in Q this is the obvious action induced
by the action of the permutations on the fibers of a principal S(N)-covering; in the
case of ±Q-coefficients any element of S(N) additionally multiplies the simplices by
±1 depending on the parity of the corresponding permutation. These S(N)-actions
also commute with the cohomology maps induced by the embedding I(Rm, N) →
I(Lmr,⋆, N), hence the results of this factorization for L
m
r,⋆ are the same as for R
m. 
Proposition 2 (see [6]). For any odd m, both groups H∗(B(Rm, N),Q) and
H∗(B(Rm, N),±Q) are one-dimensional over Q. Namely, H0(B(Rm, N),Q) ≃ Q
and H(m−1)[N/2](B(Rm, N),±Q) ≃ Q.
The first assertion of this proposition holds by the Euler characteristic reason: by
(22) the cohomology group H∗(I(Rm, N),Q) of the N !-fold covering space is exactly
N !-dimensional over Q and is placed in even dimensions only. The groups (20) are
obviously isomorphic to Q in the dimension 0, hence they are trivial in all other
dimensions. Let us describe a cycle generating the homology group dual to (21).
LetN be even. FixN/2 points as ∈ R
m, s = 1, . . . , N/2, distant from one another,
and a small number ε > 0. Consider the submanifold W ⊂ B(Rm, N) consisting
of all configurations of N points split into N/2 pairs, the points of the sth pair
being some opposite points of the ε-sphere around as in R
m. If N is odd then the
similar ((m− 1)[N/2])-dimensional manifold W is obtained from that for N − 1 by
adding one constant point XN distant from all points as to all (N−1)-configurations
forming this manifold.
Lemma 3. If m is odd then this manifold W is ±Q-orientable, and the group
H∗(B(R
m, N),±Q) is generated by its fundamental ±Q-cycle.
Proof (cf. [7]). The assertion on ±Q-orientability is immediate. Let us fix a
direction in Rm. If N is even, denote by Ξ the subset in B(Rm, N) consisting of all
configurations, whose N points can be split into pairs, such that the line through
any pair has the chosen direction. For odd N , let Ξ consist of all such (N − 1)-
configurations augmented arbitrarily with some Nth points. Ξ is an orientable
(mN−(m−1)[N/2])-dimensional semi-algebraic variety, in particular its intersection
index with the cycle W ⊂ B(Rm, N) is well defined. If the points as (and XN if N
is odd) defining W are in general position with respect to the chosen direction, and
ε is small, then this intersection index is obviously equal to ±1 depending on the
choice of orientations, so the homology class of W is not equal to 0. 
Consider now the fiber bundle I(Lmr , N)→ L
m
r sending any ordered configuration
to its first point. It is easy to see that the fundamental group of its base acts trivially
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on the cohomology groups of its fiber which is equal to I(Lmr,⋆, N − 1), cf. [2]. This
fiber bundle has a continuous cross-section: we can complete any point X ∈ Lmr by
N − 1 points lying in the same fiber of the Hopf bundle. Hence
(23) H∗(I(Lmr , N),Q) ≃ H
∗(Lmr × I(L
m
r,⋆, N − 1),Q) ≃ H
∗(Sm× I(Rm, N − 1),Q).
Again, the cohomology groups of B(Lmr , N) with coefficients in Q and in ±Q are
the quotients of this group (23) by some actions of the group S(N), see the proof of
Lemma 2.
Lemma 4. Already the factorization by the action of the subgroup S(N − 1) of
permutations of the last N − 1 elements of our configurations kills almost all the
homology classes of the product in the right-hand part of (23) reducing them to the
linear combinations of only two of them.
Proof. The quotient groups of the right-hand group (23) by these partial actions
can be considered as the cohomology groups (with coefficients in Q or ±Q) of the
space of N -point configurations, one of whose points is distinguished. This space
is fibered over Sm, and the terms E2 of Leray spectral sequences of this fibration,
which calculate our cohomology groups, are equal to the cohomology groups of Sm
with coefficients in the groups considered in Proposition 2. 
By Proposition 2, in the case of coefficients in Q these two basic classes lie in
dimensions 0 andm. The first of them survives the action of remaining permutations
by the obvious reason, and the second one by the fact that the Euler characteristic
of our space is equal to 0. This proves part (a) of Theorem 8.
In the case (b) of ±Q-coefficients, the dimensions of the remaining two basic
homology classes are equal to (m − 1)[(N − 1)/2] and (m − 1)[(N − 1)/2] + m.
Again, by the Euler characteristic argument these two classes simultaneously survive
or not the additional factorization by the action of permutations involving the first
point. The first of these classes is defined by the cycle W ! obtained from W ⊂
B(Rm, N − 1) ⊂ B(Lmr,⋆, N − 1) by adding the point L
m
r \ L
m
r,⋆ to all configurations
forming the manifold W .
If N − 1 is odd, let us act on this cycle W ! by the permutation of only two of
our N points: the “removed” point Lmr \ L
m
r,⋆ and the common non-paired point of
(N − 1)-configurations in Lmr,⋆ constituting this cycle. The cycle obtained by this
permutation is obviously homological to the original one, on the other hand our odd
permutation moves its homology class to minus itself. Therefore in the case of even
N both groups perish.
If N is odd, denote by Ξ! the subset in B(Sm, N) consisting of configurations, all
whose points lie on some (N − 1)/2 big circles, all of which contain one and the
same point of the configuration, and additionally some two of its other points. The
closure of this subset is a semi-algebraic variety having a standard orientation in its
regular points and defining an element of the group H¯m+(m+1)(N−1)/2(B(S
m, N),Q).
The standard projection Sm → Lmr maps this closed cycle to the N -th symmetric
HOMOLOGY OF SPACES OF EQUIVARIANT MAPS 11
power of Lmr ; its direct image is also a closed cycle, whose intersection with the
regular part B(Lmr , N) of this symmetric power defines an element p(Ξ!) of the
group H¯m+(m+1)(N−1)/2(B(L
m
r , N),Q).
If our points as are in general position and ε is sufficiently small, then no big circle
in Sm intersects the preimages of ε-neighborhoods of three different such points,
or the preimages of ε-neighborhoods of two such points plus a preimage of the
point Lmr \ L
m
r,⋆. If this condition is satisfied, then the cycles W ! and p(Ξ!) have
exactly r(N+1)/2 transversal intersections, all of which have one and the same local
intersection index. Therefore the homology classes of both cycles are not equal to
zero. 
3. Proof of Theorems 5, 6, and 7
3.1. Simplicial resolution (see [21]). Denote by∇ the set (RPm)N\I(RPm, N). It
is a stratified variety, whose strata correspond to all partitions of the set {1, . . . , N}
into ≤ N − 1 non-empty parts. Namely, with any partition A into some sets
A1, . . . , Ak the closed stratum L(A) ⊂ ∇ is associated, which consists of all col-
lections (x1, . . . , xN) ∈ (RP
m)N such that xα = xβ whenever α and β belong to the
same part of this partition. Obviously, L(A) ≃ (RPm)k.
Such partitions form a partially ordered set: any partition dominates its subpar-
titions. Denote by ∆(N) the order complex of this poset.
Let m be odd, then by the Poincare´–Lefschetz duality in the Θ-acyclic space
(RPm)N we have
(24) H i(I(RPm, N),Θ) ≃ HmN−i−1(∇,Θ)
for any i, so we will consider the right-hand groups in (24). We use the standard
simplicial resolution S of ∇, which is a subset in ∆(N)×∇ defined as follows. For
any vertex of the complex ∆(N) (i.e., some partition A) denote by ∆A ⊂ ∆(N) its
subordinate subcomplex, i.e. the order complex of subpartitions of A (including A).
Let ∂∆A be the link of ∆A, that is, the union of its simplices not containing the
maximal vertex {A}. The space S ⊂ ∆(N)×∇ is the union of sets ∆A×L(A) over
all non-complete partitions A of {1, . . . , N}. Let Θ! be the local system on S lifted
from Θ by the canonical projection S→∇. We have the standard isomorphism
(25) H∗(S,Θ
!) ≃ H∗(∇,Θ).
The space S has a natural filtration S0 ⊂ · · · ⊂ SN−2 = S: its term Sp is the
union of spaces ∆A × L(A) over all partitions of {1, . . . , N} into ≥ N − 1− p sets.
Consider the spectral sequence calculating the group H∗(S,Θ
!) and generated by
this filtration. Any set Sp\Sp−1 splits into the blocks corresponding to all partitions
A into exactly N − 1− p parts and equal to
(26) (∆A \ ∂∆A)× L(A).
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Correspondingly, the term E1p,q of this spectral sequence splits into the sum of groups
H¯p+q((∆A \ ∂∆A)× L(A),Θ
!) over such partitions A.
Lemma 5 (see [21]). The group H¯∗((∆A \ ∂∆A)× L(A),Θ
! ⊗Q) is trivial if some
parts of A consist of odd numbers of elements. If all parts of A are even, then this
group is equal to H¯∗(∆A \ ∂∆A,Q) ⊗H∗((RP
m)k(A),Q), where k(A) is the number
of parts of A.
Theorem 6 follows immediately from this lemma and the isomorphisms (24) and
(25). 
3.2. Proof of Theorem 7. The projection of (RPm)N onto its first factor de-
fines a fiber bundle ∇ → RPm. Let ∇˜ be its fiber over a fixed point x1, so that
Φ(RPm, N) = (RPm)N−1\∇˜. The restriction of our simplicial resolution to the fiber
∇˜ defines a simplicial resolution S˜ of ∇˜. Again, we have the Lefschetz isomorphism
(27) H i(Φ(RPm, N),Θ) ≃ Hm(N−1)−i−1(∇˜,Θ) ≃ Hm(N−1)−i−1(S˜,Θ
!)
for any i; let us calculate the right-hand groups in this equality using the restriction
to S˜ of our filtration on S. The term E˜1 of the corresponding spectral sequence E˜rp,q
calculatingH∗(S˜,Θ
!⊗Q) was considered in [21], in particular it was shown there that
this term has non-trivial groups E˜1p,q only on N/2 horizontal segments corresponding
to q = 0, m, 2m, . . . , (N/2 − 1)m. Namely, for any s = 0, 1, . . . , N/2 − 1, only the
groups E˜2p,sm with natural p ∈ [N/2−1, N−2−s] are non-trivial. The differential d1
of the spectral sequence makes these horizontal segments to be the chain complexes.
Lemma 6. All these horizontal complexes are acyclic in all their terms except for
the top-dimensional ones (that is, the groups E˜2p,q can be non-trivial only for (p, q) =
(N − 2, 0), (N − 3, m), (N − 4, 2m), . . . , (N/2− 1, (N/2− 1)m) ).
Proof. For m > N/2− 1 this is Lemma 1 in [21]; but by the construction these N/2
complexes do not depend on m (provided m is odd). 
Corollary 2. Our spectral sequence stabilizes in the term E˜2 ≡ E˜∞. The dimensions
of its non-trivial groups E˜2p,sm are equal to ± the Euler characteristic of corresponding
horizontal complexes. 
This corollary reduces Theorem 7 to the following lemma.
Lemma 7. The Euler characteristic of the horizontal complex corresponding to q =
sm, s ∈ [0, . . . , N/2− 1], is equal to (−1)s(N − 1)!! times the coefficient at the term
τN/2−1−s in the polynomial (1 + τ)(1 + 3τ) · · · (1 + (N − 3)τ).
Proof. By the description of the term E˜1 given in [21], the dimension of the group
E˜1p,sm, p ∈ [N/2−1, N −2− s], can be calculated as follows. Consider all unordered
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partitions of the set {1, . . . , N} into N−p−1 parts of even cardinalities, then count
any such partition into parts of cardinalities N1, . . . , NN−p−1 with the weight
(28) (N1 − 1)!(N2 − 1)! · · · (NN−p−1 − 1)!
and multiply the obtained sum by
(
N−p−2
s
)
.
Given such a partition, let us order its parts lexicographically: the first part
contains the element 1 ∈ {1, . . . , N}, the second part contains the smallest element
not contained in the first part, etc. Then our coefficient (28) is equal to the number
of permutations (a1, . . . , aN) of {1, . . . , N}, starting with 1, then running arbitrarily
all other elements of the first part, then choosing the smallest element of the second
part, then running arbitrarily the remaining elements of this part, etc. The common
factor
(
N−p−2
s
)
can be understood as the number of possible selections of some s parts
of our partition, not equal to the first one (or, which is the same, of the smallest
elements of these parts).
So, the dimension of the group E1p,sm is equal to the number of permutations
(a1, . . . , aN ) of {1, . . . , N} having some additional furniture and satisfying some
conditions. The furniture consists of the choice of two subsets R ⊃ S of cardinalities
N − p − 2 and s respectively in the set of odd numbers {3, 5, . . . , N − 1}; the
conditions claim that a1 = 1 and the numbers ai with i ∈ R should be smaller than
all forthcoming elements aj , j > i.
Consider now an arbitrary permutation of {1, . . . , N} with the first element a1 = 1
and s other selected elements ai on some odd places
(29) i = N1 + 1, N1 +N2 + 1, . . . , N1 + · · ·+Ns + 1,
and count its occurrences from the above construction for all p ∈ [N/2−1, N−2−s].
All these s selected elements ai should be smaller than all the forthcoming ones,
otherwise our permutation does not occur at all. Further, let r be the number of
non-selected and not equal to 1 elements aj of this permutation with odd j, which
are smaller than all the forthcoming elements. If r = 0 then our permutation occurs
only once from the consideration of the group E˜1N−2−s,sm. If however r > 0 then
it occurs once in E˜1N−2−s,sm, r times in E˜
1
N−3−s,sm,
(
r
2
)
times in E˜1N−4−s,sm, etc.
These 2r occurrences are counted with the alternating signs in the calculation of the
Euler characteristic of our horizontal complex, and annihilate one another for r > 0.
Therefore only the permutations with r = 0 contribute to this Euler characteristic.
The number of such permutations (that is, permutations starting with 1, having on
the selected s odd places (29) s elements which are smaller than all the forthcoming
ones, and not having elements with this property on other odd places) is obviously
equal to
(30) (N − 1)!!
(N − 3)!!
(N −N1 − 1)(N − (N1 +N2)− 1) · · · (N − (N1 + · · ·+Ns)− 1)
.
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But the fraction in (30) is a summand after opening the brackets in the product
(1 + τ)(1 + 3τ) · · · (1 + (N − 3)τ), containing exactly s factors equal to 1 (coming
from the brackets No. N−N1
2
, N−(N1+N2)
2
,. . . , N−(N1+···+Ns)
2
). 
Problem. Realize a basis in H∗(Φ(RP
m, N),Θ) by explicitly defined cycles.
3.3. Proof of Theorem 5(A). The permutation group S(N) acts obviously on the
space I(RPm, N) and on the local system Θ on it. Consider its action on singular
Θ-chains of I(RPm, N), moving any simplex geometrically by the previous action
and additionally multiplying it by ±1 depending on the parities of the permutations.
The group H∗(B(RP
m, N), Θ˜⊗±Q) is the quotient group of H∗(I(RP
m, N),Θ) by
this action. Therefore Theorem 5(A) for odd N follows from Theorem 6.
Now let N be even. The subgroup S(N − 1) ⊂ S(N) of permutations of the
points x2, . . . , xN preserves the fiber Φ(RP
m, N). The restriction of our action of
S(N) to this subgroup acts on H∗(Φ(RP
m, N),Θ⊗Q). Again by Proposition 2 from
Appendix to [15], the quotient group of H∗(Φ(RP
m, N),Θ ⊗ Q) by this restricted
action (that is, by the subgroup generated by all elements gα− α, g ∈ S(N − 1)),
coincides with the group H∗(B(RP
m
⋆ , N − 1), Θ˜⊗±Q).
Lemma 8. This quotient group is one-dimensional over Q and lives in some even
dimension T ≥ N
2
(m− 1).
Proof. By Theorem 7 the group H∗(Φ(RP
m, N),Θ ⊗ Q) is (N − 1)!-dimensional
over Q, and all its non-trivial elements lie in even dimensions not smaller than
N
2
(m − 1). In particular, the Euler characteristic of the base of the (N − 1)!-fold
covering Φ(RPm, N)→ B(RPm⋆ , N − 1) is equal to 1 and is realized by a homology
group in some single even dimension, which also is not smaller than N
2
(m− 1). 
Lemma 9. The Poincare´ polynomial of the quotient group of H∗(I(RP
m, N),Θ⊗Q)
by the considered action of our subgroup S(N − 1) is equal to tT (1 + tm) for some
even T ≥ N
2
(m− 1) (which is equal to the number T from Lemma 8).
Proof. Consider the obvious fiber bundles S→ RPm and I(RPm, N)→ RPm with
fibers S˜ and Φ(RPm, N) respectively.
Lemma 10. The fundamental group of the base of these fiber bundles acts trivially
on the homology groups H∗(S˜,Θ
! ⊗Q) and H∗(Φ(RP
m, N),Θ⊗Q) of their fibers.
Proof. These two assertions are equivalent by the isomorphisms (27), so let
us prove only the first one. The action of the non-trivial element of the group
pi1(RP
m) ∼ Z2 is an involution. To prove that all its eigenvalues are equal to 1, it
is enough to show that the adjoint action on the first term of our spectral sequence
calculating the group H∗(S˜,Θ
! ⊗ Q) is trivial. By the above calculation, the prin-
cipal parts (with respect to our filtration in S˜) of a system of basic elements of
this group have the form of products of some chains in ∆(N) and the fundamental
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cycles of some strata L(A) of ∇˜. Any relative cycle of this form can be extended to
a continuous family of similar cycles in all fibers of our fiber bundle. 
Consider the Leray spectral sequence Eρα,β of the fiber bundle I(RP
m, N)→ RPm,
calculating the group H∗(I(RP
m, N),Θ ⊗ Q). By Lemma 10, its term E2 consists
of two equal columns: E2α,β equals Hβ(Φ(RP
m, N),Θ⊗Q) if α = 0 or α = m, and is
trivial otherwise. The group S(N − 1) acts naturally on this spectral sequence, and
the quotient by this action is the spectral sequence calculating the group considered
in Lemma 9. By Lemma 8 this quotient spectral sequence has only two non-trivial
groups E2p,q, namely E
2
0,T ∼ E
2
m,T ∼ Q for some T . This proves Lemma 9.
Two obtained one-dimensional quotient groups of Hi(I(RP
m, N),Θ ⊗ Q) in di-
mensions i = T and T + m either both survive the factorization by the action of
remaining elements of S(N) or both perish, since the Euler characteristic of the re-
sulting homology group is equal to 0. The next lemma shows that they survive and
live in dimensions N
2
(m−1) and N
2
(m−1)+m. Therefore the number T mentioned
in Lemmas 8 and 9 is equal to N
2
(m− 1), which implies Theorem 5(A) for even N .
Lemma 11. If N is even and m is odd, then the manifold W ⊂ B(Rm, N) ⊂
B(RPm, N) participating in Lemma 3 defines a non-trivial element of the group
HN
2
(m−1)(B(RP
m, N), Θ˜⊗±Q).
Proof. Consider the N
2
(m + 1)-dimensional subvariety in B(RPm, N) consisting
of all N -configurations which can be split into pairs, both points in any of which
belong to one and the same fiber of the Hopf fibration on RPm. It is Θ˜-orientable
in its regular points and defines an element of the group H¯N
2
(m+1)(B(RP
m, N), Θ˜).
Its intersection index with W is equal to ±1, hence the homology classes of both
these cycles are not equal to 0. 
3.4. Proof and realization of Theorem 5(B).
Lemma 12. If m is odd, then the group H∗(I(RP
m
⋆ , N),Θ⊗Q) with any N is N !-
dimensional over Q, and the group H∗(B(RP
m
⋆ , N), Θ˜⊗±Q) is one-dimensional. All
groups Hj(I(RP
m
⋆ , N),Θ⊗Q) and Hj(B(RP
m
⋆ , N), Θ˜⊗±Q) with odd j are trivial.
Proof. There is a principal (Z2)
N -covering over the space I(RPm⋆ , N): it is the space
of all ordered sequences of N points in Sm, the first of which does not coincide
with either of two preimages of the distinguished point of RPm under the standard
covering Sm → RPm, the second does not coincide with these two preimages, with
the first point and its opposite, the third point does not coincide with the same four
points or with the second point or its opposite, etc.
The space XN of this covering has the structure of a tower of fiber bundles XN →
XN−1 → · · · → X2 → X1, where X1 is the sphere S
m with 2 points removed, and the
fiber of any map Xk → Xk−1 is S
m with 2k points removed. It follows easily from the
spectral sequences of all these bundles that the Poincare´ polynomial of the rational
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homology group of the total space of this tower is equal to
∏N
j=1(1 + (2j − 1)t
m−1).
In particular, all its homology groups lie in even dimensions only, and its Euler
characteristic is equal to 2NN !. 
For even N , consider again the manifold W ⊂ B(Rm, N) ⊂ B(RPm⋆ , N) consid-
ered in Lemmas 11 and 3 (we assume that all points as participating in its con-
struction are distant from the removed point RPm \RPm⋆ ). For odd N , consider the( ]
N
2
[
× (m− 1)
)
-dimensional cycle Wodd in B(RP
m
⋆ , N) consisting of all N -point
configurations, some N − 1 points of which form a configuration from the above-
defined cycle W ⊂ B(RPm⋆ , N − 1), and the N -th point belongs to the ε-sphere
around the point RPm \ RPm⋆ .
Lemma 13. The cycle W (in the case of even N) or Wodd (if N is odd) defines a
non-trivial element of the group H∗(B(RP
m
⋆ , N), Θ˜⊗±Q).
Proof. Let us describe the Poincare´ dual element of the group H¯∗(B(RP
m
⋆ , N), Θ˜⊗
Q). For even N this element is defined by the intersection of the variety considered
in the proof of Lemma 11 with the subset B(RPm⋆ , N) ⊂ B(RP
m, N). If N is odd,
then we consider the space of all N -configurations, some N − 1 points of which can
be split into the pairs as previously, and the N -th point belongs to the fiber of the
Hopf fibration in RPm passing through the point RPm \ RPm⋆ . The intersection
indices of W and Wodd with these cycles are equal respectively to ±1 and ±2, in
particular the homology classes of all these cycles are not equal to 0. 
Theorem 5(B) is thus also completely proved.
4. On configuration spaces of RPm and RPm⋆ with even m
In addition to Theorems 5 and 8, we will use the following facts on the homology
of unordered configuration spaces.
Proposition 3. Ifm is even, then the groups H¯i(I(RP
m, N),Q) and H¯i(I(RP
m
⋆ , N−
1),Q) are trivial for all N ≥ 2 and i ≥ 0.
Proof. As in §3.1, consider the set ∇ ≡ (RPm)N \ I(RPm, N) and its simpli-
cial resolution S ⊂ ∆(N) × ∇, so that H¯i(I(RP
m, N),Q) ≃ Hi((RP
m)N ,∇;Q)
and H∗(∇,Q) ≃ H∗(S,Q). Let us calculate the latter group by the spectral se-
quence built of the Borel–Moore homology groups of blocks (26) with constant
Q-coefficients. All spaces L(A) have rational homology of a point, therefore this
spectral sequence coincides with the one calculating the rational homology of the
order complex ∆(N) of all non-complete partitions of {1, . . . , N}. This order com-
plex has a maximal element (corresponding to the non-empty intersection of all these
spaces), hence is contractible. Therefore the space ∇ also has the rational homology
of a point, and our statement concerning the group H¯∗(I(RP
m, N),Q) follows from
the exact sequence of the pair
(
(RPm)N ,∇
)
.
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Similarly, we have
(31) H¯i(I(RP
m
⋆ , N − 1),Q) ≃ H∗
(
(RPm)N−1,∇∩ (RPm)N−1
)
,
where (RPm)N−1 ⊂ (RPm)N is the set of N -point sequences in RPm with the fixed
first point. The set ∇ ∩ (RPm)N−1 also has the rational homology of a point by a
similar spectral sequence, so that the groups (31) also are trivial. 
Corollary 3. Ifm is even then the groups H¯i(B(RP
m, N),Q), H¯i(B(RP
m, N),±Q),
H¯i(B(RP
m
⋆ , N − 1),Q), and H¯i(B(RP
m
⋆ , N − 1),±Q) are trivial for any N ≥ 2 and
i ≥ 0.
Proof. Indeed, these groups are the quotients of the groups considered in Proposition
3 by some actions of permutation groups of N or N − 1 points. 
Lemma 14. If m is even then the group H¯i(B(RP
m, N), Θ˜⊗ Q), N ≥ 2, is equal
to Q if i = Nm or i = Nm− (2m− 1), and is trivial otherwise.
Proof. By Remark 1, the orientation sheaf of B(RPm, N) is in this case equal to Θ˜.
Therefore our statement is Poincare´ dual to the next one.
Lemma 15 (see [10]). For any N ≥ 2, the group Hi (B(RP
m, N),Q), m even, is
equal to Q if i = 0 or i = 2m− 1, and is trivial for all other i. 
Let us describe the basic elements of the groups considered in the last two lemmas.
We consider RPm as the quotient space of the m-sphere with the induced metric.
Lemma 16. The group H2m−1 (B(RP
m, N),Q) (where N ≥ 2 and m is even) is
generated by the class of the submanifold in B(RPm, N) consisting of configurations,
all whose points lie in one and the same projective line in RPm and separate this
line into N equal segments. The group H¯Nm−(2m−1)(B(RP
m, N), Θ˜⊗Q) is generated
by the class of the variety consisting of all configurations containing the fixed point
X0 ∈ RP
m and some other point lying in a fixed line passing through X0.
Proof. It is easy to see that these cycles are orientable in the first case and Q˜-
orientable in the second one. Their intersection index is equal to ±(N−1) depending
on the choice of orientations, hence they define non-trivial elements of these groups,
which are one-dimensional by the previous two lemmas. 
Consider now the groups H∗(B(RPm⋆ , N),Q) with even m. The space RP
m
⋆ is
obviously fibered over the manifold RPm−1 with fiber R1 . Let us fix an orientation
of RPm−1 and define for any N the class Ind ∈ Hm−1(B(RPm⋆ , N)), whose value on
a generic piecewise-smooth (m− 1)-dimensional cycle in B(RPm⋆ , N) is equal to the
oriented number of N -configurations in this cycle which contain the points whose
projections to RPm−1 coincide with the distinguished point of RPm−1. It is easy to
check that this cohomology class is well-defined.
18 V.A. VASSILIEV
Lemma 17. The group Hj(B(RPm⋆ , N),Q), m even, is equal to Q for j = 0 and
j = m−1 and is trivial for all other j. The group Hm−1(B(RPm⋆ , N),Q) is generated
by the cocycle Ind.
Proof uses the induction over N . For N = 1 the statement is obvious, since RPm⋆
is homotopy equivalent to RPm−1. The set B(RPm, N) \ B(RPm⋆ , N) can be obvi-
ously identified with B(RPm⋆ , N − 1). All fibers of the normal bundle of the latter
submanifold in B(RPm, N) can be identified with the tangent space of RPm at the
distinguished point, in particular this normal bundle is trivial. Therefore we have
the Thom isomorphism
(32) Hj(B(RP
m, N), B(RPm⋆ , N);Q) ≃ Hj−m(B(RP
m
⋆ , N − 1),Q).
Suppose now that our lemma is proved for the space B(RPm⋆ , N − 1). By the exact
sequence of the pair (B(RPm, N), B(RPm⋆ , N)), the groups Hj(B(RP ⋆, N),Q) have
chance to be non-trivial only for j neighboring to the dimensions of non-trivial
elements of the groups H∗(B(RP
m, N),Q) or H∗(B(RP
m, N), B(RPm⋆ , N);Q).
By Lemma 15 and the induction hypothesis, there are only two fragments of this
exact sequence, containing such non-trivial elements. One of them is
0→ H2m−1(B(RP
m
⋆ , N),Q)→ H2m−1(B(RP
m, N),Q)
ρ
−→
ρ
−→ H2m−1(B(RP
m, N), B(RPm⋆ , N);Q)→ H2m−2(B(RP
m
⋆ , N),Q)→ 0 .
Two central groups of this fragment, which are connected by the map ρ, are isomor-
phic to Q by Lemma 15, isomorphism (32) and the induction hypothesis. This map
ρ sends the class of the basic cycle described in the first statement of Lemma 16 to
a class which corresponds via (32) to an element of the group Hm−1(B(RP
m
⋆ , N −
1),Q), whose scalar product with the cocycle Ind is equal to ±(N − 1) 6= 0. So the
map ρ is an isomorphism, and all neighboring terms of our exact sequence vanish.
Another suspicious fragment of our sequence is
0→ Hm(B(RP
m, N), B(RPm⋆ , N);Q)→ Hm−1(B(RP
m
⋆ , N),Q)→ 0 .
Its group Hm(B(RP
m, N), B(RPm⋆ , N);Q) corresponds via (32) to the generator of
the group H0(B(RP
m, N − 1),Q) ≃ Q. Hence the group Hm−1(B(RP
m
⋆ , N),Q) is
also isomorphic to Q. 
5. Proof of Theorems 1 and 2
Now we know all groups in the formulas (11), (12) and (14–17) tensored with Q
for all combinations of parities of m and M . Let us apply this information.
5.1. Cases of even m and even i(M+1). IfM is odd then the coefficient sheaves
in both (14) and (15) are equal to ±Z. If M is even then the coefficient sheaf in
(14) is equal to Z. By Corollary 3, in all these cases Eˆp,q1 ⊗Q ≡ 0 for all p < 0. This
implies that all spaces EM∗0(S
m, SM) with even m, and also all spaces EM∗1(S
m, SM)
with even m and odd M have the rational homology of a point. By the spectral
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sequence of the fiber bundle (1), the Poincare polynomials of corresponding spaces
EM0(S
m, SM) and EM1(S
m, SM) are then equal to 1 + tM .
5.2. The case of even m, even M , and i = 1. The coefficient sheaf in (12) is in
this case equal to Θ˜. By Lemma 14, there are then only the following non-trivial
groups Ep,q1 ⊗ Q with p < 0 (all of which are isomorphic to Q): they correspond
to (p, q) = (−1,M − m + 1), or p ≤ −2 and either q = −p(M − m + 1) or q =
−p(M −m+ 1) + (2m− 1). Let us prove that E∞ ≡ E1 over Q.
The cell E−1,M−m+1 ≃ Q obviously survives until E∞ and provides a generator
[Σ] of the group HM−m(EM1(S
m, (RM+1 \ {0}),Q) ≃ Q, namely the linking num-
ber with the fundamental class of the entire discriminant variety in the space of
all odd maps Sm → RM+1. (This variety consists of maps whose images contain
the point 0 ∈ RM+1; its codimension is equal to M − m + 1). It is enough to
prove that all powers [Σ]⌣N of this basic class [Σ] are non-trivial elements of the
groups HN(M−m)(EM1(S
m, (RM+1 \ {0})),Q). Consider a generic smooth point of
the N -fold self-intersection of the discriminant variety, that is, some odd C∞-map
F : Sm → RM+1 such that the set F−1(0) consists of exactly N pairs of oppo-
site points, and dF is injective at all these points. Let L ∋ F be a generic affine
(N(M+1))-dimensional subspace in the space of C∞-smooth odd maps Sm → RM+1.
Close to F , the intersection of L with the discriminant variety consists of N locally
irreducible smooth components meeting generically one another. The complement
of this intersection in a small neighborhood of the point F in L is homotopy equiv-
alent to the product of N spheres of dimension M −m. Any factor of this product
has linking number 1 with only one local component of the discriminant variety. So,
the restriction of the globally defined class [Σ] ∈ HM−m(EM1(S
m, (RM+1 \ 0)),Q)
to any of these factors takes value 1 on the (suitably oriented) fundamental class
of this factor. Since the number M − m is even, the N -th power of the class [Σ]
takes value N ! on the fundamental (N(M −m))-dimensional cycle of this product.
In particular, it is not zero-cohomologous. Therefore the additional cells Ep,q with
p < −1, q = −p(M −m+ 1) + (2m− 1), also do not vanish until E∞.
The desired Poincare´ series is thus equal to
(33) 1 + tM−m +
∑
N≥2
tN(M−m)(1 + t2m−1) ≡
1 + t2M−1
1− tM−m
.
In a similar way, Lemma 17 and formula (15) imply that all the non-trivial groups
Eˆp,q1 of our spectral sequence calculating the group H
∗(EM∗1(S
m, SM),Q) are equal
to Q and correspond to the pairs (p, q) equal to (0, 0), (−s, s(M − m + 1)), and
(−s, s(M −m+ 1) +m− 1) for arbitrary s ≥ 1. The stabilization Eˆ∞ ≡ Eˆ1 of this
spectral sequence can be proved exactly as in the previous paragraph. The Poincare
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polynomial of the resulting homology group is thus equal to
(34) 1 +
∑
s≥1
ts(M−m)(1 + t2m−1) ≡ (1 + tM−1)(1− tM−m)−1 .
The formulas (33) and (34) form the third and the second cells of the corresponding
row of Table 2. The structure of the differential dM indicated in the last cell of this
row is the unique one compatible with these formulas.
5.3. The case of odd m, odd M and arbitrary i. By Lemma 1 the orientation
sheaf of B(Lmr , N) is equal to ±Z. This is exactly the coefficient sheaf in (16). Hence
the group (16) is Poincare´ isomorphic to the group Hq+p(M−m+1)(B(Lmr ,−p),Z). By
Theorem 8(a) all non-trivial groups Ep,q1 ⊗ Q, p < 0, are in this case the ones with
arbitrary p ≤ −1 and either q = −p(M −m + 1) or q = −p(M −m + 1) +m; all
of them are equal to Q. All these groups survive until E∞ by the same reasons as
in the previous case. So, the Poincare´ series of the group H∗(EMi(S
m, SM) with
arbitrary i is equal to
1 +
∑
N≥1
tN(M−m)(1 + tm) ≡ (1 + tM)/(1− tM−m) ,
see the top cells of the third columns in Tables 1 and 2, and the first statement of
Theorem 2.
Also, the group (17) is Poincare isomorphic to Hq+p(M−m+1)(B(Lmr,⋆ ,−p)). By
statement (20) of Lemma 2 and Proposition 2, the latter group tensored with Q
is equal to Q if q + p(M − m + 1) = 0 and is trivial in all other cases. Therefore
we have Eˆp,q1 ⊗ Q ≃ Q for (p, q) = (−N,N(M −m + 1)), N ≥ 0; all other groups
Eˆp,q1 ⊗Q with p < 0 are trivial. This gives us the Poincare series
∞∑
N=0
tN(M−m) ≡
1
1− tM−m
,
see the top cells of the second columns in Tables 1 and 2, and also the second
statement of Theorem 2.
5.4. The case of odd m, even M , and i = 0. The corresponding group Ep,q1
given by (11) is Poincare´ isomorphic to Hq+p(M−m+1)(B(RPm,−p),±Z).
By Lemma 8(b), the non-trivial cells Ep,q1 ⊗ Q, p < 0, lie on two parallel lines
in the (p, q)-plane: Ep,q1 ⊗ Q ≃ Q if p is odd and the number q + p(M − m + 1)
is equal to either (−p − 1)(m − 1)/2 or to (−p − 1)(m − 1)/2 + m; in all other
cases Ep,q1 ⊗Q = 0. Since M > m, no differential in this sequence can connect two
non-trivial cells, hence E∞ ≡ E1 over Q. The accounting of the total dimensions
p+ q of these cells over all values p = −(2j + 1), j ≥ 0, gives us the Poincare´ series
1 +
∞∑
j=0
(1 + tm)tM−m+j(2M−m−1) ≡ 1 + tM−m
1 + tm
1− t2M−m−1
,
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see the third cell of the last row in Table 1.
By (14) and Poincare´ duality, Eˆp,q1 ⊗ Q ≃ H
q+p(M−m+1)(B(RPm⋆ ,−p),±Q). By
statement (21) of Lemma 2 and Proposition 2, this group is equal to Q if q+ p(M −
m + 1) = (m − 1)[N
2
] and is trivial in all other cases. So, for any N > 0 there is
exactly one non-trivial cell E−N,q1 , namely q = N(M −m+ 1) + (m− 1)[N/2]. The
number q in this expression depends monotonically on N , therefore our spectral
sequence has no non-trivial higher differentials, and Eˆ∞ = Eˆ1. The Poincare series
of the resulting homology group is thus equal to
1 + tM−m +
∞∑
k=1
(
t2k(M−m)+k(m−1) + t(2k+1)(M−m)+k(m−1)
)
≡
1 + tM−m
1− t2M−m−1
,
see the second cell of the last row in Table 1.
The structure of differentials dM indicated in the last cell of this row is the unique
one which is compatible with the previous two cells.
5.5. The case of odd m, even M , and i = 1. Substituting Theorem 5(A) to (12),
we obtain that the group Ep,q1 ⊗Q is trivial if p is odd; if p = −N 6= 0 is even, then
Ep,q1 ⊗Q is equal to Q for q = N(M+1)−
N
2
(m+1) or q = N(M+1)− N
2
(m+1)+m,
and is trivial for all other values of q. Again, our rational spectral sequence stabilizes
at the term E1 by dimensional reasons. Accounting the total degrees p+q ≡ −N+q
of its groups over all even natural values of N gives us the Poincare´ series equal to
1 + (1 + tm)
∞∑
j=1
tj(2M−m−1) ≡
1 + t2M−1
1− t2M−m−1
.
Substituting Theorem 5(B) to (15), we obtain that the group Eˆp,q1 ⊗Q is non-trivial
(and then equal to Q) only for (p, q) =
(
−N,N(M −m+ 1) +
]
N
2
[
× (m− 1)
)
,
N ≥ 0. The stabilization Eˆ∞ ≡ Eˆ1 follows immediately from the disposition of
these cells. Accounting the corresponding total degrees p + q separately over even
and odd N , we get the Poincare´ series
∞∑
k=0
tk(2M−m−1) +
∞∑
k=0
tk(2M−m−1)+M−1 ≡
1 + tM−1
1− t2M−m−1
.
So we have found the second and the third cells of the last row of Table 2. The
structure of the differential dM indicated in the last cell of this row is the only one
compatible with the form of these two.
6. The justification of Table 3
By Poincare duality and Lemma 1, the group (10) is equal to
(35) Hq+p(M−m+1)
(
B(Sm,−p), (±Z)⊗(M−m)
)
,
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and the group (13) to
(36) Hq+p(M−m+1)
(
B(Rm,−p), (±Z)⊗(M−m)
)
.
6.1. m and M are odd. By Proposition 2, the group H i(B(Rm, N),Q) is trivial
for all i 6= 0, so the elements Eˆp,q1 are equal to Q for (p, q) = (−N,N(M −m+ 1)),
and are trivial for all other (p, q). The group H∗(Ω
mSM ,Q) for odd m < M is thus
equal to Q in all dimensions of the form N(M−m) and is trivial in other dimensions,
which gives us the Poincare´ series 1
1−tM−m
, see the second column of Table 3.
The group H∗(B(Sm, N),Q) is isomorphic to H∗(Sm,Q). Indeed, the quotient
spectral sequence of the obvious fiber bundle I(Sm, N)→ Sm through the standard
action of the subgroup S(N − 1) ⊂ S(N) has only two non-trivial groups Ep,q2 ,
namely E0,02 ≃ E
0,M
2 ≃ Q. This quotient spectral sequence survives the action
of remaining permutations, because the resulting homology group is non-trivial in
dimension 0, and the Euler characteristic of the entire space B(Sm, N) is equal to
0. Therefore the main spectral sequence (10) has only nontrivial elements Ep,q1 ≃ Q
with (p, q) = (−N,N(M −m+1)) or (−N,N(M −m+1)+m). All these elements
survive until E∞ by the same reasons as in §5.2. So, we have the Poincare series
1 +
∞∑
N=1
(
tN(M−m) + tN(M−m)+m
)
≡
1 + tM
1− tM−m
.
This proves the upper line of Table 3.
6.2. m and M are even. The group H∗(B(Rm, N),Q) is in this case equal to Q[0]
for N = 1 and to Q[0]⊕Q[m− 1] for N ≥ 2. All non-trivial cells Eˆp,q1 , p < 0, of the
spectral sequence Eˆp,qr correspond to the pairs (p, q) equal to either (−1,M −m+1)
or to (−N,N(M −m+1)) and (−N,N(M −m+1)+m−1) with arbitrary N ≥ 2;
all these non-trivial groups are isomorphic to Q. All of them survive until Eˆ∞ by
the same reason as in §5.2. So the Poincare series of the resulting homology group
is equal to
1 + tM−m +
∞∑
N=2
(
tN(M−m) + tN(M−m)+m−1
)
≡
1 + t2M−m−1
1− tM−m
,
see the second column of Table 3.
The group H∗(B(Sm, N),Q) is equal to Q[0]⊕Q[2m− 1] for m ≥ 3. Indeed, we
have the sequence of coverings I(Sm, N)→ C(Sm, N)→ B(Sm, N) where C(Sm, N)
is the space of N -point configurations in Sm with one of N points distinguished.
Then C(Sm, N) is the space of the fiber bundle over Sm with fiber B(Rm, N − 1).
The homological spectral sequence of this fiber bundle has only four non-zero cells
e2p,q, namely, these groups with p ∈ {0, m} and q ∈ {0, m− 1} are equal to Q. It is
easy to calculate that the differential dm : e
m
m,0 → e
m
0,m−1 is non-trivial and kills these
two cells. Thus only two cells e0,0 and em,m−1 do survive. The rational homology
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group of B(Sm, N) is in any dimension not greater than that of C(Sm, N), so it can
have only two at most one-dimensional non-trivial homology groups in dimensions
0 and 2m− 1. The first of these groups is indeed non-trivial by the obvious reason,
and the second one by the Euler characteristic argument.
Finally, we get the following structure of the term E1 of the main spectral se-
quence over Q. All groups Ep,q1 with the following pairs (p, q) are equal to Q:
(0, 0) (the standard term), (−1,M −m+ 1) and (−1,M + 1) (because B(Sm, 1) =
Sm)), (−2, 2(M −m+ 1) (because B(Sm, 2) is homotopy equivalent to RPm)), and
(−N,N(M −m+ 1)) and (−N,N(M −m+ 1) + 2m− 1) for any N ≥ 3. All other
groups Ep,q1 ⊗ Q are trivial. The spectral sequence stabilizes at this term, that is
E∞ ≡ E1, by the same reasons as in §5.2. Therfore the Poincare series of the group
H∗(Map(S
m, SM),Q) is equal to
1 + tM−m + tM + t2(M−m) +
∞∑
N=3
(
tN(M−m) + tN(M−m)+2m−1
)
,
which is equal to the expression in the third column of Table 3. The form of the
higher differentials indicated in the fourth column for the case of even m and M is
the unique one compatible with the data of the second and third cells.
6.3. m is even, M is odd. If m is even then the group H∗(B(Rm, N),±Q) is
trivial for any N ≥ 2, as well as its Poincare´ dual group H¯∗(B(R
m, N),±Q), see
e.g. Corollary 2 in §I.4 of [17]. Therefore the spectral sequence (13) for such m
and M has only one non-trivial group Ep,q1 , with p < 0, namely E
−1,M−m+1
1 . This
gives us the Poincare series 1 + tM−m for the group H∗(Ω
mSM ,Q). The spectral
sequence of the fiber bundle (2) has therefore only four non-trivial cells: Ep,q2 ≃ Q
for p ∈ {0,M} and q ∈ {0,M −m}. It obviously stabilizes in this term E2 and gives
us the corresponding cell of the third column of Table 3.
6.4. m is odd, M is even. By Proposition 2 the group Hj(B(Rm, N),±Q) ≡
H¯mN−j(B(R
m, N),Q) is in this case non-trivial (and then equal to Q) only for j =
(m− 1)[N/2]. So, for any N > 0 there is exactly one non-trivial cell Eˆ−N,q1 , namely
q = N(M − m + 1) + (m − 1)[N/2]. The number q in this expression depends
monotonically on N , therefore all higher differentials are trivial, and Eˆ∞ = Eˆ1.
Accounting the total degrees p + q of corresponding cells separately over even and
odd N we see that the Poincare´ series of the group H∗(Ω
mSM ,Q) is equal to
∞∑
k=0
(
t2k(M−m)+k(m−1) + t(2k+1)(M−m)+k(m−1)
)
≡
1 + tM−m
1− t2M−m−1
,
see the second cell of the last row in Table 3.
Further, by Theorem 8 (with r = 1) all groups Hj(B(Sm, N),±Q) are trivial if N
is even; if N is odd then they are non-trivial (and then equal to Q) only for j equal
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to (m− 1)N−1
2
or (m − 1)N−1
2
+m. Therefore the calculation of the main spectral
sequence Ep,qr in this case coincides with the one given in the first paragraph of §5.4.
7. The construction of the spectral sequences of Theorems 3 and 4
This construction follows almost completely the scheme from Chapter 3 of [17].
7.1. Finite-dimensional approximations.
Proposition 4. Given an arbitrary compact simplicial complex X with a free action
of a finite group G on it, a compact subset Λ ⊂ SW−1 invariant under the action of
the group ρ(G) ⊂ O(RW ), and a homology class α ∈ H∗(EMG(X, (R
W \CΛ)), there
is a finite-dimensional affine subspace F ⊂ EMG(X,R
W ) such that the class α can
be realized by a cycle contained in F \ Σ ≡ F ∩ EMG(X, (R
W \ CΛ)).
If two cycles in such a subspace F \Σ represent one and the same element of the
group H∗(EMG(X, (R
W \ CΛ)), then there is a finite-dimensional subspace Fˆ ⊃ F
in EMG(X,R
W ) such that these two cycles are homologous to one another in Fˆ \Σ.
The relative versions of these statements concerning the cycles in the spaces
EMG(X,A; (R
W \ CΛ)) are also true.
Proof. Realize the class α by a continuous map κ : Ξ → EMG(X, (R
W \ CΛ)) of a
compact polyhedron. Let r be the minimal distance in RW between the sets f(X)
and CΛ over all points f ∈ κ(Ξ). Let us embed regularly the complexes X and
Ξ into some Euclidean spaces Ra and Rb. Consider the map X × Ξ → RW given
by (x, ξ) 7→ κ(ξ)(x), and r
3
-approximate it by the restriction of a polynomial map
Ra×Rb → RW . This approximation can be considered as an r
3
-approximation (in the
C0-topology) of the cycle κ(Ξ) by a cycle in the finite-dimensional vector space of
restrictions to X of polynomial maps F : Ra → RW of a certain finite degree. Then
replace any such map F |X by its G-symmetrization (that is, by the map X → R
W
sending any point x ∈ X to 1
|G|
∑
g∈G ρ(g
−1)(F (g(x))). This G-symmetrization is a
linear operator sending the space of restrictions of polynomial maps to a subspace
of the space of G-equivariant maps. This subspace is thus also finite-dimensional.
The image in it of the cycle κ(Ξ) after all perturbations 2r
3
-approximates the initial
cycle, in particular is homologous to it in EMG(X, (R
W \ CΛ)).
The second statement of Proposition follows from the analogous arguments on
the approximation of chains defining the homology between our cycles in the space
of equivariant maps.
In the relative case of Theorem 4 we use the following modification of this construc-
tion. Improve our regular embedding τ : X → Ra by the embedding X → Ra ⊕ R1
sending any point x to (τ(x), dist(τ(x), τ(A))). Let Φ : X → RW be an arbitrary
G-equivariant continuation of the given map ϕ : A→ RW to entire X . Again realize
the homology class α by a map κ : Ξ → EMG(X, (R
W \ CΛ)), then define a map
X × Ξ→ RW by (x, ξ) 7→ κ(ξ)(x)−Φ(x) and approximate it by a polynomial map
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Ra ⊕ R1 ⊕ Rb → RW given by a set of polynomials vanishing on the hyperplane
Ra × {0} × Rb. We obtain an approximation of the cycle α by a cycle in the space
of maps of the form P + Φ, where P are polynomial maps of a uniformly bounded
degree, and finally symmetrize these maps P + Φ as previously. 
7.2. k-sufficient finite-dimensional approximations. Suppose that dimX +
dimCΛ < W ; remind that Λ ⊂ SW−1 is semi-algebraic and compact.
Definition 1. A finite-dimensional affine subspace F ⊂ EMG(X,A;R
W ) is k-
sufficient if
1) for any natural j ≤ k, any j points x1, . . . , xj of X \ A from pairwise different
orbits of G, and any j points λ1, . . . , λj in CΛ, the affine subspace in F consisting
of maps f satisfying the conditions f(xm) = λm, m = 1, . . . , j, has codimension
exactly jW ;
2) for any natural j, the set of maps f ∈ F such that f(x) ∈ CΛ for some j points
x ∈ X , has codimension ≥ j(W − dimX − dimCΛ) in F .
Proposition 5. 1. For any natural k there is a natural number L0 such that the
subspaces satisfying condition 1) of Definition 1 form a residual subset in the space
of all L-dimensional affine subspaces in EMG(X,A;R
W ) for any L ≥ L0.
2. For any natural L there is a residual subset in the space of all affine L-
dimensional subspaces in EMG(X,A;R
W ), such that condition 2) of Definition 1
is satisfied for all elements of this subset.
In particular, the k-sufficient subspaces are dense in the space of affine subspaces
of any sufficiently large degree in EMG(X,A;R
W ).
Proof. If X is a smooth variety then this is a standard exercise on the Thom’s
multijet transversality theorem (see e.g. [8]) applied to a collection of L + 1 maps
Fr : X → R
W defining an affine basis of our space F . For a general finite polyhedron
X we can apply this theorem to all its strata inductively by their dimensions. 
7.3. The simplicial resolution. We will show now that the groups H∗(F \Σ) for
all k-sufficient subspaces F in EMG(X,R
W ) or EMG(X,A;R
W ) are approached by
the standard spectral sequences of Theorems 3, 4 in all dimensions strictly smaller
than (k + 1)(W − dimX − dimCΛ− 1).
Let F be a k-sufficient subspace in EMG(X,R
W ). A simplicial resolution of the
variety Σ ∩ F is then constructed as follows.
Let T be the maximal number of different orbits of G in X which are mapped to
the points of CΛ by a map of the class F . (By the second property of k-sufficient
spaces, this number does not exceed dimF/(W − dimX − dimCΛ)).
The simplicial resolution will be constructed as a subset in the product of the
space F and the T -th self-join of the quotient space X/G which can be realized as
follows.
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Embed this quotient space X/G generically into an affine space of a very large
dimension, and span the images of any j ≤ T points by their convex hull. If the di-
mension is sufficiently large and the embedding is indeed generic, then any such con-
vex hull is a simplex of the corresponding dimension j− 1, and these simplices have
no unexpected intersections (that is, two such simplices can intersect on some their
faces only, which span the common subset of the collections of their vertices). Let
us assume that these conditions are satisfied, and define the T -th self-join (X/G)⋆T
of X/G as the union of all these simplices. Obviously, such spaces (X/G)⋆T defined
by different generic embeddings are naturally homeomorphic to one another.
Let f ∈ F ∩ Σ be a discriminant G-equivariant map f : X → RW such that
exactly j orbits of G are mapped to CΛ. Associate with it the simplex in the self-
join (X/G)⋆T spanned by the corresponding j points of X/G, and the simplex in
(X/G)⋆T ×F equal to the product of the previous simplex and the point {f} ∈ F .
Finally, define the simplicial resolution σ ⊂ (X/G)⋆T × F as the union of all such
simplices arising from all discriminant maps f ∈ F .
This space σ has a natural filtration σ1 ⊂ · · · ⊂ σT ≡ σ by the numbers of vertices
of these simplices. Consider the homological spectral sequence Erj,s calculating the
group H¯∗(σ) and defined by this filtration; in particular E
1
j,s ≃ H¯j+s(σj \ σj−1).
Proposition 6. 1. The map σ → Σ ∩ F defined by the projection of the product
(X/G)⋆T×F to its second factor is a proper map inducing an isomorphism H¯∗(σ)→
H¯∗(Σ ∩ F) of Borel–Moore homology groups of these spaces.
2. The dimension of any set σj \ σj−1 does not exceed dimF − j(W − dimX −
dimCΛ− 1)− 1.
3. If j ≤ k then σj \ σj−1 is the space of a fibered product of two fiber bundles
with base Πj,G(X). The fibers of these two bundles are respectively the (j − 1)-
dimensional open simplices and the (dimF − jW )-dimensional affine spaces. The
orientation sheaves of these two bundles are respectively the sign sheaf ±Z of the
unordered configuration space B(X/G, j), and the sheaf J ⊗±Z, see §1.4.
Proof. Statement 1 is the standard property of simplicial resolutions, see e.g. [17],
[9]; statement 2 follows immediately from the second condition in the definition of
k-sufficient approximations, and statement 3 follows from the construction and the
first condition. 
Let us turn our homological spectral sequence to a cohomological one by the
formal change Ep,qr ≡ E
r
−p,dimF−q−1. The obtained spectral sequence calculates the
group H˜∗(F \ Σ) which is Alexander dual to the group H¯∗(Σ ∩ F) calculated by
the previous spectral sequence. The statement 2 of Proposition 6 implies that all
non-trivial groups Ep,qr , r ≥ 1, of the obtained spectral sequence lie in the wedge
(6), in particular such groups with p < −k do not contribute to the calculation of
the groups H˜ i(F \ Σ) of dimensions i < (k + 1)(W − dimX − dimCΛ − 1). The
HOMOLOGY OF SPACES OF EQUIVARIANT MAPS 27
statement 3 implies that all the groups Ep,q1 with p ∈ [−k,−1] are described by the
formula (8).
The construction for the relative case and formula (9) is almost the same up to
obvious modifications.
7.4. Stabilization of spectral sequences.
Proposition 7. Let F ⊂ F ′ be two k-sufficient subspaces in EMG(X,A;R
W ), then
the map H∗(F ′ \Σ)→ H∗(F \ Σ) induced by the identical embedding is an isomor-
phism in dimensions < (k + 1)(W − dimX − dimCΛ− 1).
The proof also follows [17]; its main part is the next lemma following immediately
from the construction.
Lemma 18. The one-point compactification of the k-th term σ′k of the above-described
simplicial resolution of Σ ∩ F ′ is homotopy equivalent to the (dimF ′ − dimF)-fold
suspension of the one-point compactification of the similar term σk of the simpli-
cial resolution for Σ∩F ; this homotopy equivalence respects our filtrations on these
spaces and defines an isomorphism of corresponding spectral sequences calculating
the Borel–Moore homology groups of these terms. 
Theorems 3 and 4 follow from Propositions 4, 5, 6, and 7. 
7.5. Which equivariant function spaces can be reduced to the previous
pattern? The previous scheme for the trivial groupG allows one to calculate the co-
homology groups of the spaces of continuous mapsX → Y whereX ism-dimensional
and Y is an m-connected finite CW-complex. Indeed, we can embed Y into a sphere
SW−1 in such a way that it is a deformation retract of the complement of a subcom-
plex Λ of codimension ≥ m+2 in SW−1, so that the spaces of maps into Y and into
RW \ CΛ are homotopy equivalent. However, the proof of this fact known to me
(see [17]) cannot be extended immediately to the case of non-trivial group actions.
On the other hand, it seems likely that even if we cannot perform this scheme
geometrically, it can give us a hint how a spectral sequence calculating the desired
cohomology groups could look like, and the limit cohomology group of this virtual
spectral sequence could be a correct guess of the answer. More precisely, let X be
m-dimensional and Y m-connected, G a finite group acting freely on both X and
Y , and we study the homology of the space of G-equivariant maps X → Y.
It is easy to construct a representation ρ : G → O(RW ) with sufficiently large
W and an embedding of Y into the unit sphere SW−1 ⊂ RW commuting with the
actions of G. For instance, we can take for RW a sufficiently large Cartesian power
of the space of the regular representation of G. Increasing the degree of this power
we can make the codimension of the union of non-regular orbits of the standard
G-action arbitrarily large, then its complement in SW−1 together with the G-action
on it will homotopically approximate well the universal covering of K(G, 1). If the
codimension of this union of non-regular orbits is greater than dimY , then there
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are no obstructions to the embedding of the space Y/G into the quotient of this
complement by this G-action, whose lifting to the G-coverings is a G-equivariant
embedding Y → SW−1.
To solve our problem by the above-described spectral sequence, we need to find
a compact subcomplex Λ ⊂ SW−1 \ Y invariant under our G-action and such that
a) Λ contains all non-regular orbits of our G-action;
b) the complex Y ⊂ SW−1 is a G-equivariant deformation retract of SW−1 \ Λ;
c) the codimension of Λ in SW−1 is at least m+ 1.
The main difficulty occurs with the property (c). The proof from [17] of the
existence of such Λ for the case of trivial G cannot be extended immediately to the
case of G 6= {1}. Indeed, trying to apply it we need to reduce the critical points
with high Morse indices of G-invariant functions on the manifold SW−1 \ Y . This
is almost the same as to do it for the usual functions on the space of regular G-
orbits in it, which is not simply-connected. The question on the existence of such
a representation ρ : O(RW ) and subcomplex Λ for arbitrary G seems to be a good
problem.
However, even if we do not manage to find ρ and Λ with this property, let us take
for Λ an arbitrary subcomplex satisfying the conditions (a) and (b), then construct
the complexes ΠN,G(X) and write down our spectral sequence exactly as in the
previous subsections. By the Alexander duality, the homological dimension of Λ
does not exceed W −m−2, therefore the term Ep,q1 of our spectral sequence looks as
previously, in particular it has only finitely many non-trivial groups on any diagonal
{p+ q = const}, and all these groups are finitely generated. It seems likely that this
spectral sequence still will calculate the desired cohomology groups of the space of
equivariant maps, although our geometrical realization of it fails in this case.
I thank F. Cohen and V. Turchin for consultations.
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